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Abstract

By rewriting the formulas for 3-j and 6-j symbols in terms of several possible alternating binomial sums, it is possible
to calculate these quantities quickly and accurately, often exactly, using floating point operations. The binomial sums can
be calculated by direct summation or by recursion. A simple method for uniquely parameterizing the well-known Regge
symmetries of the 3-j and 6-j symbols makes it possible to systematize the choice of the smallest magnitude binomial
sum (which enhances the accuracy of floating point calculations and speeds up exact calculations using large integer
routines). Formulas for special cases of the 3-j symbols enable the construction of recursion sequences which are often
substantially faster than direct summation, especially for very large angular momentum arguments. For both 3-j and 6-j
symbols, recursion offers several advantages over direct summation in exact calculations and for calculating tables. © 1998
Published by Elsevier Science B.V.
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1. Introduction

Angular momentum plays a central role in quantum mechanics, and Wigner 3-j and 6-j symbols (or Clebsch-
Gordan and Racah coefficients) are used to describe the coupling between two or more angular momenta. It
is important for practical reasons to be able to quickly and accurately calculate 3-j and 6-j symbols for
scattering [1], spectroscopy [2,3], and many other applications [4]. In some areas of research, such as
the incidence of nontrivial zeroes [5~8], the calculations must be exact. Exact results are also used to test
approximate methods for calculating 3-j and 6-j symbols, such as those used in the high quantum number
(classical) limit [9-11].
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Because the formulas for both 3-j and 6-j symbols include an alternating sum, obtaining exact or even
acceptably accurate values can sometimes be challenging, especially when the angular momentum arguments
are large. The literature on the computation of 3-j and 6-j symbols is extensive [ 12-25]. A subroutine recently
published by Lai and Chiu [22] is based on the clever recasting of the formulas for 3-j and 6-j symbols in
terms of alternating binomial sums; their 3-j formula is similar to a binomial expression by Shimpuku [23]
for Clebsch-Gordan coefficients. Roothaan [14] has obtained similar results. A binomial sum, of course, is
an integer, and even for quite large angular momenta can be represented exactly as a floating point number,
depending on hardware limitations, or as a prime-factored integer. This allows for accurate, often exact,
computation of 3-j and 6-j symbols, since the pre-factors in front of the binomial sums can be evaluated
without roundoff error.

Formulas for both the 3-j and 6-j symbols can be rewritten in terms of binomial sums in several ways. In this
paper we show how to choose which formulas to use in order to obtain the fastest and most accurate calculations.
The binomial sums can be calculated by direct summation or by several possible recursion sequences. A simple
method for parameterizing the well-known Regge symmetries [26] of the 3-j and 6-j symbols enables a
straightforward choice of the most optimal recursion sequence.

2. 3-j symbols
One common expression for the 3-j symbol is [18,19]

<j| J j3>=(—1)jx—jz—m; [Hi(ji+m.-)!(j,-—m,-)!u—zj,-)! 'z

m mp; m (J+ D!
x Y (=D [k - a8 — 011, (1)
k i
where
J=jp+i+js, (2)
ay=jr—jz—m, a=0, az=j1—j3+m,
Bi=Jj2+my, B2=j1+Jj2—J3, Bi=ji—m, (3)
and

max(al’GZs 03) S max(ﬁl’BZ’ ﬁ3) .

This formula is valid only if j; and m; are both integer or both half-integer for i = 1,2,3 and if j, + j, + j3
is an integer. The 3-j symbol is nonzero only if the three m’s sum to zero, the three j’s satisfy the triangle
conditions, and |m;| < j; for i=1,2,3.
In 1958, Regge [26] showed that the 3-j symbol has 72 symmetries; each 3-j symbol can be conveniently
represented by the array
—htjt+j =tz htja—3
R= J1—m J2—m Ja—msz |, (4)
Ji+m 2+ m Jatm
which is a magic square (all row and column sums equal) of rank J = j; + j2 + j3. The 72 symmetries

correspond to row or column interchanges or transposition of the matrix. For odd row or column permutations
of the Regge matrix, the 3-j symbol is multiplied by (—1)7; otherwise, the value remains unchanged. For
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example, exchanging the second and third rows corresponds to the well-known reflection symmetry of the 3-j
symbol. By the triangle and other conditions given above, each entry in the Regge matrix is a nonnegative
integer. For any i, j, B; — a; is one of the Regge matrix elements. It should be noted that the definition of a
magic square sometimes includes the requirement that one or both diagonals, as well as the rows and columns,
have the same sum. However, in this paper, as in other angular momentum literature, no conditions are placed
on the diagonal sums.

It shall prove convenient to parameterize each set of 3-j symbols related by Regge symmetry by a unique set
of j’s and m’s denoted j/ and m,. This is done by rearranging the Regge matrix into a new matrix R’ in a unique
manner. It can easily be shown that in a 3 by 3 magic square, the largest and smallest elements fall either in
the same row or in the same column. Assuming that they do not, then the Regge matrix may be arranged so
that the smallest element, S, and the largest element, L, are on the diagonal. Then the row containing S and the
column containing L have a common element C. Since J =L+ C + (§+a) = (L—b) + C + S, where a and
b are greater than zero, this leads to the contradiction a + b = 0, and so the largest and smallest elements must
fall in the same row or column. We then rearrange the Regge matrix so that the smallest and largest elements
are R}, and R},. This fixes the first row and the column positions. It remains to specify the arrangement of
the second and third rows. We require either that R, < R, or, if Ry, = R}, that R); < Rj;. This leads to the
arrangement

S L X+B-T
R = X B S+L-T|, (5)
L+B-T S+X-T T

where § < B. Since S is the smallest element, we have § < (S + X —T); since L is the largest, we have
(L+ B —T) < L. These conditions yield, respectively, X > T and T > B. Therefore, S< B<T < X < L.
We now define the j/ and m] to correspond to the transformed Regge matrix R’,
i hth -kt Ath-h| ||Bi-a Bi-a B-a
R=| Jji—-m Jo—my Bmmy |=|Bi—ay B—ay Bi—alf, (6)
Ji+m Jy+m; s+ my Br—ay Bi-a By—a;

and, by analogy to Eq. (1), sets of ] and B]. From Eq. (6) and the fact that S and L are the smallest and
largest elements, we have ji > ji > jj. In addition, by design, mj > 0 and if mj = O then mj > 0. From
Eqgs. (5) and (6), S < B < T yields By < B5 < By and T < X < L yields ) < @) < aj. The condition
m)y > 0 yields 85— B < a}—a}. The condition mj > 0 if mj = 0 yields o3 —a} < 83— B if B;— B8] = aj—a;.

It is important to note that the ’s and B’s for the untransformed 3-j symbol are not necessarily the same as
those for the transformed 3-j symbol. For example, for

15 15 16\ _/20 11 15
9 -8 —-1/7"\-3 4 -1
the a’s for the untransformed 3-j symbol (left-hand side) are —10, 0, and —9 and the 8’s are 7, 14, and 6. For

the transformed 3-j symbol (right-hand side) the a’s are —1, 0, and 9 and the 8’s are 15, 16, and 23. Both 3-j
symbols yield the same Regge matrix to within several symmetry transformations.

Calculation of individual 3-j symbols

In a general 3-j subroutine, it is useful to check for special cases. One special case which will prove especially
useful is my =my =m3 =0 [11],
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(jl J> j3)z(_l)J/z[Hi(J-Zji)!]l/z (J/2)!
0 0 O (J+1)! [L,¢5/2 - jnY’

if J is even and zero if J is odd. Of course, the magnitude of this expression should be less than or equal
to 1. However, for large angular momenta the factorials can overflow. To combat this problem we rewrite the
formula in terms of quantities which do not overflow. Let j{, j}, and jj be the minimum, middle, and maximum
values of j;, j», and j3, and define

(7)

A=—ji+i+i, B=i-h+i, C=j+ih-j. (8)
Then noting that A > B > C and using

JN=(A+B+C)=A(A+1)s(A+ B+ 1)¢ 9)
and

(J/2)!=(A/2)1(A/24+ 1) g;2(A/2+ B/2+ 1)¢pa s (10)
where (a), refers to the Pochhammer symbol [27],

(@yp=T(a+n)/T(a)=a(a+1)(a+2) --(a+n-1), (11)

we can eliminate factors of A! and (A/2)! to obtain

0 0 0)° (A+ D pp(A+B/2+ 1)gp(B/2)!

ik ) (=D (B/2+ Vap(Af2+ 1}, 17
( )"(J+1)1/2

(C/2+ 1)ep(A/2+ Bf2+ DY), 12 ’
X
(A+B+ Dep(A+B+C2+ Dep(Cla)! (12)
for even J, which can be rewritten as
2 |82 : 5 1"
juod ) _ (=D (B/2+i)(A/2+1)
0 0 0 (J+ D2 | L (A+)(A+B/2+D)i
c/2 ~1/2
H (A/2+i)(A/2+ B/2+i)? (13)
pin (A+B+i)(A+B+C/2+i)iJ ’

a form in which each product term can be evaluated without concern for underflow. There are several equivalent
expressions in which B! or C! may be eliminated instead of A!. However, since A is largest, eliminating A!
minimizes the number of floating point operations in Eqs. (12) and (13). This strategy will be followed
elsewhere in this paper.

The well-known permutation symmetry is related by Regge symmetry,

h n pBN_{jh-m ji+m J 14
(ml my m3> - ( 0 0 0 ) ’ (14)
as are slightly more complicated conditions. If a 3-j symbol is related by any Regge symmetry to this case, then

for the transformed Regge matrix, we have m| = m) = m} = 0. To prove this, we note that if all m’s are zero,
then the bottom two rows of the Regge matrix are identical. Thus, the Regge matrix for any 3-j symbol related
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by Regge symmetry has two identical rows or columns, which we denote (A, B, C), where without loss of
generality A > B > C. Then the other row or column is (-A+B+C,A—B+C,A+B—C). It is immediately
apparent that the largest element is A+ B —C > A and that the smallest element is —A+ B+ C < C. Since the
top row of the transformed Regge matrix contains the largest and smallest elements, the second and third rows
must contain (A, B, C). Therefore, we have m; = m; = m3 = 0. This makes it possible to test for this special
case without directly testing for reflection symmetry in addition to permutation symmetry and other conditions.

As Shimpuku [23] and, later, Lai and Chiu [22] have noted, the expression for a Clebsch-Gordan coefficient
or 3-j symbol can be rewritten in terms of an alternating binomial sum by multiplying and dividing by some
appropriate set of factorials. The next step is to realize, as Roothaan [14] previously observed, that there are
six ways to do this. For our purposes, we use a different notation, according to whether the arguments of the
factorials are row entries,

1/2
j i j R IRnIR ;!
JroJz I3\ _ o {yii—jh—m H;#r jE-Rj2-2453 - e
(ml sy m3) B [Rn!sz!R,'g!(J+ ni|  frG gz ma,ms) (15)
or column entries,
1/2
1 j j .. R1i'Ry;'R5;!
N 2 3 {1y ii—a—m Hj#l 1j-R2j-R3) P
(ml ny m3) == [Rli!Rzi!Rm'!(J-l— D! IciChs 2o Ja> s ma, ms) (16)

of the Regge matrix. The binomial sum portions of the above formulas are

—j1t+j2+Js 11—12+J3 Jl+12—]3
, (17)
Jat+m—k —-—m; —k

, 18
( )(J1+Jz-“13 k) (Jz+m2 ) (18)
J1+my J2 + my J3+ms (19)
Ji+h—js—k
- v —h+ih+i Ji—m J1+m
Ic1(jrs Jas Jas my, ma, m3) Z( 1) (12+m2_ )( % )(j1+jz—j3—k> , (20)
cf J1—j2+ 3 Ja—m J2+m
IC2(.’1,J2 ]3sml’m2’m3)_Z( l) ( ]_ml _k) (Jl+]2_j3"k> ( k ) ) (21)

L _ k(N ti2—J3 J3—m3 J3+ms
Ic3(j1s j2, J3, ma, ma, m3) —2;(—1) ( X ) (j2+m2 —k) (jn o —k) . (22)

Iri (1, 2, J3, my,mg, m3) = Z(—l)k (

]R2(119J2s.]3amlym23m3) —Z( l)k

k

133(]1,12,13,m1,m2,m3)—Z(-—l) Ji—m—k

If two 3-j symbols are related by Regge symmetry, then the pre-factors in front of the summation in Eq. (1)
are the same to within a sign since they involve J and the set of all nine entries of the Regge matrix, each of
which is invariant under any Regge symmetry transformation. Therefore, the sums are also equal to within a
sign. It follows that the optimal calculation sequence depends only on which set of factorials is introduced into
the sum and not on the arrangement of the Regge matrix. Two methods for evaluating the binomial sums and
from there calculating the 3-j symbol are direct summation and recursion, as shown in detail below.
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Method I - Direct summation

The binomial sum can be performed exactly by large integer routines or much more quickly and often
exactly by floating point operations. In any floating point calculation, there is some largest integer which can
be represented exactly. It is important to know this limit because if the summation terms and any intermediates
fall below it, the results will be exact. Otherwise, there may be some cancellation error, up to a maximum
dictated by the ratio of the entire sum to its largest term.

In general, the most accurate floating point results (or the fastest large integer arithmetic results) are obtained
from the binomial sum with the smallest magnitude. To compute the sum it is not necessary to reorder the
Regge matrix as we describe. Instead, we may simply reorder the a’s and B’s. Let A;, Az, and A3 be the
minimum, middle, and maximum values of the a’s and B, B, and B3 be the minimum, middle, and maximum
values of the 8’s. From Eq. (1) and the definition of the a’s and B’s, it is fairly straightforward to see that the
top indices in the binomial coefficients will be (B} — A;), (B2 — A;), and (B3 — A,) for some permutation
(i, j,n) of (1,2,3). By using the fact that C!D! > E!'F! when max(C,D) > max(E,F) and C+ D=E+ F,
it is easy to prove that the smallest product of factorials, and therefore the smallest magnitude sum, is obtained
by (i,j,n) = (1,2,3). This strategy can be used to compare permutations with a common factor (for example,
123 and 132). To compare permutations with no common factor, two steps are necessary. For example, the 123
permutation has a smaller factorial product than the 213 permutation, which in turn has a smaller product than
the 312 permutation. It now remains to simplify the pre-factor. Using

(B, — A! _

m—(32—A2+1)A2—A1, (23)
(B3 — Ay)!
————=(B; - A 1)as—a, 24
(B3—A3)! ( 3 3+ )A3 Ay ( )
(Bi — A3)! _ 1 , 25)
(B — Ap)! (Bi—As+ 1Da_a (B — Az + 1) ay-4
(B3 — A1) !(By — A3) (B — A2)! (B — A3)1(B; — Ap)! (26
= , )
J! (B3 — A1+ 1)g,—a;(B2+ B3 — Ay — A3 + 1) g _a,
(B — A3)! _ (By — A3)!(By — A3 + 1) 5,5, (27)

(By— A1+ 1)g,—a, (Bs— A1+ 1)p_a, (B +By—A — A3+ 1)p,_p,~
and

(B — Az)! _ (B1 = A3)U(B1 — A3+ Day—a
(By+B3— A —As+1)p—a, (Bo+Bi—A —A3+1)a-4,(Ba+B3— A —Ax+1)p,-4,

., (28)

we obtain
1 j2 J3 i\ —ja—m (B3—A3+1)A3_A2
=(—1)1"R""™(B, _ A3)!
(ml my m3> (=D (B 3) [(B2+BS_A1_A3+1)A3—A2
y (B — A1+ 1)p,—p, (B — A3 + 1), B,
(By —Ay+ 1)p,—8, (B +B3— A1 — A3+ 1)p,—5

. 1/2
X
(By—A;+ 1)p,_a,(B2+ B3 — A} ~ Ay + 1)3.—43]

B, — Ay B, — A, B; — A3
o () (5
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To minimize the computational effort, care was taken to eliminate the largest factorial in the pre-factor, namely
(B3 — A;)!. The bracketed expressions can be written as products of terms each less than 1 in a manner
similar to that shown in Egs. (12) and (13). In a floating point 3-j calculation, it is possible for the prefactor
to underflow if the angular momenta are extremely large. In such a case, calculating the 3-j symbol is best
accomplished by large integer routines and prime factorization methods. The first term in the binomial sum is

o= B — A B, — A
w=lp —a )\ By— 4y ) (30)
Successive terms may be calculated from

BH—l—kXBz+l—k>< By+1—-k
k— A k— A k—Ay
The successive fractions on the right-hand side of Eq. (31) are factors for changing the bottom arguments

of the binomial coefficients in Eq. (29) by one. Therefore, each multiplication must be performed before the
corresponding division in order to assure that every intermediate is an integer.

ty = —tg—1 X (31)

Method II — Center recursion

Recursion is often used to calculate 3-j symbols, especially tables of 3-j symbols. For every 3-j recursion
relation, there are many possible binomial recursion relations. It is often possible to calculate the binomial
sum faster by recursion than by direct summation. This is especially important for large angular momentum
arguments. To illustrate this, we show in Fig. 1 a diagram of possible m; and m;, values for j; =12, j, =8, j3 =
14; similar diagrams are shown in standard quantum mechanics textbooks such as Baym’s [28]. The top right
and bottom left corners are truncated because the absolute value of m3; must not exceed j3. For 3-j symbols
on the very outermost contour, the corresponding binomial sums have only one term; binomial sums for 3-j
symbols on the second outermost contour have two terms; and so on. For every 3-j symbol on or inside the
innermost contour, there are seven terms in each sum. For the 3-j symbol at the center of the diagram, all three
m’s are zero; exact formulas for this 3-j symbol, and from there the binomial sum, are readily available. Exact
formulas for adjacent 3-j symbols (for example, m; = —my = 1, m3 = 0), are also available. The next outlying
3-j symbols or their binomial sums (for example, m; = —my = 2, m3 = Q) can be calculated by recursion from
the previous two, whereas direct summation would require one application of Eq. (30) and six of Eq. (31).
This scheme and others in this section will be denoted center recursion because they start at or near the center
of diagrams like the one shown in Fig. 1.

A number of 3-j recursion relations are available for which the j’s do not change and the m’s change by 0
or 1. These include the fundamental recursion relations

. . 2 { v 2 3
[(3+ms+1)(j3—m3)] (m1 o m3>

- . 2 [ J2 73
+[(a—m+ 1) (2 +m2)] (ml s — 1 m3+1>

o . 2 J2 J3 _
+(r —m + D) (i +mi) ] (m1—1 y m3+1> 0, (32)

and

o2 ja)

[(a = m + 1) (s +m3) ] (m, .
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Fig. 1. Possible my, my values for 3-j symbols with j; = 12, = 8, j3 = 14. The contours correspond to the number of terms in the
binomial sum, with the outermost contours having the fewest terms.

. o 12 ( N J J3
+ (2 +m2+1)(j2 — mp)] (m1 my 1 m3_1)

) - 2 J2 73 =
+Hh+m+ 1D —m)] (m,+1 o m3—1)_0’ (33)

and a result by Schulten and Gordon,

. . . . 12 ( N J2 VE
[Ga+m+1)(ja—m)(js —m3+1)(jzs +m3)] (ml my + 1 m3—1>

H-(Gr—m+D(i+m)+(2—m)(a+m+1)

+(js = m3) Uz +my+ )] (,f,‘] " ,’,33>

+L (2 +m2) (o = ma + 1) (s = m3) (s +m3 + 1)]'/2 (,’,,‘I el me b 1) =0. (34)
Eq. (34) (and any binomial sum equivalents) can be used to step along a constant m;. By invoking permutation
symmetry, recursion relations for constant m; and mj; may be easily obtained. The fundamental recursion
relations and others derived from them can be used to “turn the corner” from one line to another. The most
obvious recursion sequence for calculating a 3-j symbol from m; = 0, including initial points, would have
max(|m |, [my, |m3]) 4 1 steps. However, this is not necessarily the optimum recursion sequence. For example,
the binomial sum for the 3-j symbol

49 39 50 53 36 49

(—17 5 12)‘(9 2 —11) (35)
has 33 terms. From the left-hand side of Eq. (35) it is readily apparent that one possible recursion sequence
would have on the order of 18 steps - far fewer than direct summation. However, from the right-hand side we

obtain an even shorter recursion sequence (12 steps).
In the above recursion relations, the top row of the Regge matrix remains unchanged, and at the starting
points of the recursion sequences for Eq. (35), namely m; = 0, the second and third rows of the Regge matrix
are equal. (Later we shall discuss recursion sequences for which m; = 0 or £1/2 at the first starting point,

i.e., the elements of the second and third rows of the Regge matrix differ by 0 or 1). However, it should be
noted that by transforming the 3-j symbols in Eqs. (32)-(34) using Regge symmetry, it is possible to obtain
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recursion relations and sequences for which any desired row or column remains unchanged. Therefore, the
shortest recursion sequence may be obtained from the two rows or two columns of the Regge matrix which are
most nearly equal, i.e., which have the smallest maximum difference between their respective elements.

When using recursion, it will prove most convenient to first calculate the transformed 3-j symbol and change
the sign if necessary to obtain the untransformed 3-j symbol,

. . . «f ! o/
o2 B NYN_, e[ N J2 I3
(o i )= (o 2) ¢
where the sign factor o is 0 or 1. How to calculate this sign factor will be discussed later.

For the transformed Regge matrix, the second and third columns are most nearly equal. After some algebra,
the maximum difference between the second and third rows can be seen to be

max((L—T) = (X = B)|,(X=B) —(T=8),[(L-T) = (T = $)]).

By using the fact that |@ — b| < max(a, b) for nonnegative a and b, we find that this quantity cannot exceed
max(L — T,T — S). The maximum difference between the first and second rows is

max(X —S,L—B,|(X-S) — (L-B))=max(X—-S,L—B) >max(T - §,L-T),

which equals or exceeds the maximum difference for the second and third rows. Comparisons with other row
or column differences may be performed in a similar manner.

From Eq. (29) and the definition of the A’s and B’s, the number of terms in the sum is —j; + j; + j3 + 1.
The number of steps in the shortest recursion sequence is

max(|m|, |m3, lm3) +n,

where [a] denotes the integer part of a and n is 1 or 2 depending on details of the recursion sequence to be
discussed later. By comparing these results, it can be decided whether recursion or direct summation will take
fewer steps.

As stated previously, it is most advantageous to calculate the smallest magnitude binomial sum. For a
transformed Regge matrix, Ic3 has the smallest magnitude; this can be proven by noting that (B —aD!(B2—
a)) (B3 — a})! is the smallest of the six possible products of factorials using the same methods as in the
previous section. The question remains which binomial sums have the smallest magnitude for the other 3-j
symbols in the recursion sequence. Going back to Egs. (5) and (6), from the fact that § < M < L we obtain
jy < ji < j;. From B < § + X — T we obtain my > 0. From § < § + X — T we obtain j; — j3 > m;. From
L>Xand L > L+ B—T we obtain j; — j5 > |m}|. Comparisons between other matrix elements yield less
restrictive conditions. Thus, given a set of j/ for which j| > j§ > jj, there is a region in (mj,m;) space in
which every 3-j symbol corresponds directly to a transformed Regge matrix and /¢3 is the smallest magnitude
binomial sum. If j} is half-integer then this region is rectangular. If Jj5 s integer, then for mj = 0, m3 must be
nonnegative, and so m| < 0. Thus, in this case, the recursion envelope is a slightly truncated rectangle. The
recursion envelope is illustrated for four possible cases ( j; and j} integer or half-integer) in Fig. 2. Examples
of these cases include, respectively, (a) j| = 61,j5 = 54,5 = 57, (b) ji = 61.5,j; = 54, j5 = 58.5, (c)
j, = 61,j5=535,j5=57.5,(d) j; = 61.5, j, = 53.5, j; = 58. Since the recursion sequences to be discussed
here start at or near the origin and proceed outward until the desired 3-j symbol is reached, Ic3 is the smallest
magnitude binomial sum throughout.

Starting points

Since every known 3-j recursion relation relates at least three 3-j symbols, it is required to have at least two
starting points in a recursion sequence. Several formulas have been derived for 3-j symbols at or near m; =0
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Fig. 2. Starting points for 3-j binomial sum recursion sequences: (a) integer j{ and jé: e, Eq. (37) or (38); m, Eq. (39) or (40); x,
Eq. (41) or (42); (b) half-integer ji, integer j5: o, Eq. (43) or (44); m, Eq. (45); (c) integer Jji» half-integer j5: e, Eq. (46) or (47);
I,Eq.(48);*,Eq.(49);(d)haH4nmgerj;andjé:o,Eq.(50)0r(51);l,Eq.(52l

or +1/2 (at or near the origin of the envelope in Fig. 2). Formulas for the Ic3 binomial sums are presented
here and are fully derived in Appendix A.

Case I: j| and j] both integer

The first starting point corresponds to all m’s equal to zero. If J is odd, the binomial sum is zero since the
3-j symbol is zero. Otherwise, by defining A = J/2 — j{, B=J/2 — j;, and C = J/2 — j}, it is possible to write
the binomial sum as

(B+1Da(B4+CH+1)4(C+A+ 1)y

YT A4 — (_1\C
Ic3(j1s J2, 73,0,0,0) = (=1) yIE (At De_x (37)
for A < C and
B+ 1)4(B+C+1 CH+1)a
1c3(j{,j£,j§,0,0»0)=(—l)c( + )A( + + )A ( + )A C (38)

A2 (2C + 1) s—¢

otherwise. Since j| > ji > ji for the transformed 3-j symbol, it follows that A < C < B, in which case
Eq. (37) should be used. However, several upcoming formulas involve intermediate binomial sums for which
the j’s are not necessarily in this order; in these cases, Eq. (38) should be used. It should be noted that although
the entire right-hand sides of Egs. (37) and (38) are integer, the second fractions are not. Therefore, the first
fraction should be evaluated first and the result multiplied by the second fraction in such a manner as to make
each intermediate an integer. If m| # 0, then the second starting point is

AUL+D =50+ 1) + 505+ 1D)
2(j1+ s

Ics(jis jbs b —1,0,1) = Ic3(j1s j3. 73,0,0,0) (39)

for even J and
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=2+ D =25+ D (J =2}
201 + D3z + 1)

for odd J. If m| = 0, then the second starting point is

Ic3(j1s j2, J3,—1,0,1) = Ic3(jis /3, 73 + 1,0,0,0)

01,1y = HULHD +AGI+1) 45405+ 1)

I ./, ‘,’ .’1 » 9
207+ D, c3(J1+J2:/3,0,0,0)

Ic3(jis s 7
for even J and

=2+ DT =20+ DT - 2j})
20+ D3+ 1)

1C3(j;vjéng’0’l’_1)= IC3(j{,j£,j,+1,0,0,0)
3

for odd J.

Case II: j| half-integer, j; integer

The first starting point is

C(RAABT A DG =)
20+ 1/2)(js + 1/2)

Ic3(j;,jé,j§,—1/2,0, 1/2) =

for even J and

Ui—h+i+1)

Ies(f, +1/2, 7,74 +1/2,0,0,
TCESYD) c3(iy +1/2, j3,j3 + 1/2,0,0,0)

IC3(j{!j£’jév _1/2’ 0’ 1/2) =
for odd J. The second starting point is

Ies(jis 30 J5.=3/2,0,3/2) = Ic3(ji. 3 j3. —1/2,0,1/2)
o U224+ (3 +1/2)2 - j5Gs+ D) = 14+ (=DYG + 1/2) G + 1/2)
Ui +3/205-1/2)

for even or odd J.
Case III: j| integer, j; half-integer
The first starting point is
Ic3(its j20 43,0, 1/2, —1/2) = 31c3(jt, j5 + 1/2, j3 — 1/2,0,0,0)
for even J and

v (=ji+h+i+]) g .
1 ,’ ,9 I’ 11 2a_l 2 = I ,a : 1 29 4 1 2 Uy Uy
c3(1: 2, 73,0, 1/ /2) 205 1 1/2) c3(ji,j2 +1/2,j5+1/2,0,0,0)

for odd J. If m{ > 0, then the second starting point is

(J3+1/2) + (=D7(5 +1/2)

1, i, g, J5,0,1/2,—1/2
G+ c3(J1sJ2: J3 / /2)

Ic3(G1sJ2r J3 —1,1/2,1/2) =

for even or odd J. If m] =0, then the second starting point is

Ic3(j1 — 1/2, j3, j5 + 1/2,0,0,0)

(40)

(41)

(42)

(43)

(44)

(45)

(46)

(47)

(48)
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Ic3(jis 20 J3,0,3/2,=3/2) = Ic3(ji, j3, j5,0,1/2, —1/2)
o G222+ s+ 1/2)2 = JGL+ D) — 14+ (=105 + 1/2) G5 + 1/2)
(3 +3/2) (5 - 1/2)

for even or odd J.

Case IV: j{ and j; both half-integer
The first starting point is

(zii+th+ti+D
201+ 1/2)

Ies(ji, Jys 735 —1/2,1/2,0) = Ies(ji = 1/2,j, + 1/2, j3,0,0,0)

for even J and
Ic3(jis s s —1/2,1/2,0) = $le3(ji + 1/2, j3 + 1/2, j3,0,0,0)
for odd J. The second starting point is

Ic3 (s Jbs 755 —=3/2,1/2,1) = Ic3(jl, ja, 5. —1/2,1/2,0)
Xjé(jé +1) = (B + 120G +1/2) (=D + (ji +1/2)]
U1 +3/2)j3

for even or odd J.

Recursion relations and recursion sequences

123

(49)

(50)

(51)

(52)

In the following discussion, ny, nz, and n3 will refer to the bottom arguments of the 3-j symbols used during
recursion. Schulten’s result can be used to derive binomial recursion relations which can be used to move in

straight lines (one constant m),

Ies(ilajhojiom = L+ Lmg) = [(J] —m + 1) (jy+np + 1)]7!
{5 +m) (s —nm+1) — (i —n) Gl +m +1) = (b —m) (G +m+ 1)]

XIC3(j{7j£aj§’nl9n2an3) - (.1{ +’!] + 1)(]5 — hny + 1)1C3(j;’jé,j§3nl + 1’"2 - 1,"3)]} )

to move diagonally (up and to the left),

Ie3(ils o Jisnoma + Lo — 1) = [ (5 +np + 1) (5 +n3) 17!
x{[-Gi+nm)Ul—m+ D+ —m) s +nm+ 1)+ (5 —n3)(js+n3+1)]

xIc3(j1, jos ji»misn2,n3) — (j5 — na + 1) (j3 — n3)lea(ji, jas 3. nioma — Lns + 1)1},

to move up,

Ics(jis s dsom — Lingyny + 1) = [ —my + 1) (j5 —n3) ]!
x{[-(s+m)(h—m+ D+ —n)Ui+m+ D+ (3 —nm)(z+n+ 1))

XIC3(j{’j£vj£snl9n27n3) - (.}; +n + 1)(.]:/5 —n3 + 1)1C3(j{’j£’j:,3’n1 + l’nZ’n3 - 1)]}’

to move left, or

(53)

(54)

(55)
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Ies(jysjon i + Ling,ns = 1) = [l +m + 1) (s +n3) 17!
X{=+m)y—nm+ 1)+ Gl —n) G +m+ 1) + (G —n3) (G5 +n5 4+ 1)]
xIc3(jys Jas Jys s nasm3) = (i —my 4+ 1) (J§ — n3) Ies (i, oo joomi — Limg,ny + 1)1}, (56)

to move right in the (ny,n2) recursion plane. In order to be able to reach the entire recursion plane, the
following relations may be used to “turn the corner” from one line to another:

Ie3(jts 3y J3s i, na,na) = [ (5 +mp) (G5 + n3) 17!
x{[(j+n) (g —n2+ 1) — (i +m) (Ui —np + D3 (Ghs jos jyoming — 1,ns + 1)
+01 —m+ DUz —n3+ Dlcs(isjgs jsm — Ling — 1,ns + 2) 1}, (57)

to switch from recursion on constant n, to constant ny,

Ics(t j s m,ma + Lns — 1) = (g 4+ o+ D)7 + ns + Dics (il by s miymayna)
=y +m+ Dlcs(jis ja j3m + 1mg,ns = D1}, (58)

to switch from constant n, to constant ns,

I3l s jsm — L+ Ln) = [(j] —m + D —m+ 1))}
x{[(J5+n)(jz—n3+ 1) — (5 +n+ 1) (5 —n2) Mes(ys 3 Joomsna + 1,ng — 1)
+(.]{ +n’1 + 1)(.]é - n2)IC3(j;’j£,j§7n] + 17”27”3 - 1)]} s (59)

to switch from constant n3 to constant nj,

Ics(jts jor jsomi — Lim+ Ling) = [(a+m+ DU +ns+1)]17!
x{[(j3+n3+ 1)z —n3) — Gy +m) (G —m + D es(jl, o jam — Ling,na + 1)
+(Jy +m) Gy = 2+ Dies(itajg Jaom,nz — Lina+ 1)1}, (60)

to switch from constant 73 to constant n;, and

Ics(Jis Jas amismaana) =[G +n) (s +my + 1)1
x{[(i +nm) Ul —m+ 1) — (jy +m) (o — na + D 1es(ji, ja js,m — 1,na,ny + 1)
+(jy — ma+ 1)(jz — n3 + Dea(jiy jo. ja,m — Lina — 1,n3 +2) 1}, (61)

to switch from constant n; to constant n,.

We now turn to the discussion of recursion sequences. The above initial conditions and recursion relations
can be used to reach anywhere in the recursion plane. Given a 3-j symbol, one of the following four sequences
can be used to calculate the binomial sum. For each of these sequences, a sample 3-j symbol is given for which
the binomial sum recursion sequence is shown in detail in Table 1 and illustrated in Fig. 3. In the following
discussion, (ny, ny, n3) will refer to intermediate m quantum numbers used during recursion.

Sequence I: m; =0
(1) Calculate the (0, 0, 0) binomial sum from Eq. (37) or (38) or the (0, 1/2, —1/2) binomial sum from
Eq. (46) or (47). If m} =0 or 1/2, recursion is complete.
(2) Calculate the (0, 1, —1) binomial sum from Eq. (41) or (42) or the (0, 3/2, —3/2) binomial sum from
Eq. (49). If m) =1 or 3/2, recursion is complete.
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(3) Calculate the (0,n, + 1,—n; — 1) binomial sums for n, from 1 or 3/2 to (mj — 1) from Eq. (54).
Recursion is now complete.

This sequence has [m} + 1] steps and is shown in Fig. 3a and Table 1a for the 3-j symbol j; = 65/2, j» =

35,j3=75/2,m; = 15/2,my = —10,m3 = 5/2 (j{ = 40,5 = 30,j3 = 35,m} = 0,my = 5,m3 = —5). The

binomial sum requires 6 steps for recursion (including initial conditions) and 26 terms for direct summation.

Sequence II: m] >0
(1) Calculate one of the following binomial sums, depending on whether j{ and jj are integer or half-integer:
(a) the (0, 0, 0) binomial sum from Eq. (37) or (38),
(b) the (—1/2, 0, 1/2) binomial sum from Eq. (43) or (44),
(c) the (0, 1/2, —1/2) binomial sum from Eq. (46) or (47), or
(d) the (—1/2, 1/2, 0) binomial sum from Eq. (50) or (51).
Exit if recursion is complete.
(2) Calculate one of the following binomial sums, depending on whether j; and j; are integer or half-integer:
(a) the (~1, 0, 1) binomial sum from Eq. (39) or (40),
(b) the (—3/2, 0, 3/2) binomial sum from Eq. (45),
(c) the (—1, 1/2, 1/2) binomial sum from Eq. (48), or
(d) the (—3/2, 1/2, 1) binomial sum from Eq. (52).
Exit if recursion is complete.
If m} =0 or 1/2, then skip to step (6).
(3) Calculate one of the following binomial sums from Eq. (57), depending on whether jj and j; are integer
or half-integer: (0, 1, —1); (—=1/2, 1, —=1/2); (0, 3/2, =3/2); or (=1/2,3/2, —1).
(4) Calculate the (0,ny +1,—ny — 1) or (—1/2,n, — 1, —nz + 3/2) binomial sums for n, from 1 or 3/2 to
(m} — 1) from Eq. (54).
(5) Calculate the (1,m}, —m) — 1) or (1/2,m), —m} — 1/2) binomial sum from Eq. (61). This turns the
corner from constant n; to constant np. If m| = 1/2 or 1, then recursion is complete.
(6) Calculate the (n, m}, —nj —m}) binomial sums from Eq. (56) for n; from 3/2 or 2 to mj. Recursion is
now complete.
This sequence has [|mj}| + 2] steps and is shown in Fig. 3b and Table 1b for the 3-j symbol j; = 30, )2 =
39,j3=37,m = —5,my = —3,m3 =8 (j{ = 81/2,j5=30,/; = 71/2,m} =9/2,my = 2,m3 = —13/2). The
binomial sum requires 9 steps for recursion (including initial conditions) and 26 terms for direct summation.
The other two recursion sequences can be divided into a diagonal portion (which is identical for both) and
a straight line portion.

Diagonal portion, Sequences III and IV: m| <0
(1) Same as for Sequence II.
(2) Same as for Sequence IL
If m) = 0 or 1/2, skip to step (2) of the straight line portion of Sequence IV.
(3) Calculate one of the following binomial sums from Eq. (58), depending on whether j| and j} are integer
or half-integer: (—1, 1, 0); (=3/2, 1, —1/2); (0, 3/2, -3/2); 0r (—-1/2,3/2, —-1).
(4) Calculate the (n;, —ny — n3, n3) binomial sums for n, from —2 or —5/2 to the smaller of —m} and mj
from Eq. (53). If m| = n; and mj = n3, then recursion is complete.

Straight line portion, Sequence III: m; <0
(1) Calculate the (m}, —m} —n3+1,n3—1) binomial sum from Eq. (60). This turns the corner from constant
ns to constant ny. If mj = n3 — 1, then recursion is complete.
(2) Calculate the (m}, ny, —m} — nz) binomial sums from Eq. (54) for n, from —mj —n3+2 to m5. Recursion
is now complete.
This sequence has [m} + 2] steps and is shown in Fig. 3¢ and Table 1c for the 3-j symbol j; =39, j2=35,j3=
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35,mp = ~1,my = ~11,m3 = 12 (j{ = 43,3 = 31,5 = 35,m{ = =3,my = 7,m3 = —4). The binomial sum
requires 9 steps for recursion (including initial conditions) and 32 terms for direct summation.

Straight line portion, Sequence IV: m} > 0
(1) Calculate the (—m) —n3— 1, m), n3+1) binomial sum from Eq. (59). This turns the corner from constant
n3 to constant n;. If m{ = n; — 1, then recursion is complete.
(2) Calculate the (n;, m5, —mj—n;) binomial sums from Eq. (55) for n; from —m} —n3 —2 to m}. Recursion
is now complete.
This sequence has [|m|| + 2] steps and is shown in Fig. 3d and Table 1d for the 3-j symbol j, = 37, j, =
41,j3=37,m = —15,my = 13,m3 =2 (j{ = 93/2,j5=63/2,j5=38,m| = —15/2,my = 7/2,m3 = 4). The
binomial sum requires 9 steps for recursion (including initial conditions) and 24 terms for direct summation.

Method III - Edge recursion

One advantage of recursion over direct summation is that the intermediate binomial sums are often much
smaller in magnitude than the largest term in the direct summation. In floating point calculations this can
make recursion more accurate than direct summation. In exact calculations using large integer routines, this can
yield a significant speed advantage since less work would be required for large integer operations. A recursion
sequence which has the same number of steps as direct summation would therefore be useful.

In the recursion relations discussed in the previous section, the entries of the second and third rows of the
Regge matrix change by 0 or 1. In order to produce a recursion sequence with the number of steps being the
same as the number of terms in the direct summation, the number of terms in the successive 3-j binomial sums
should change by 1. For the transformed Regge matrix, the number of terms in the binomial sum is R}, + 1.
For the Regge matrix

LLi—k Rh+k Ry _
R'=||R) +k R~k Ryl (62)
Ry Ry, Ry

where R/; are elements of the transformed Regge matrix and & is a nonnegative integer no larger than Rj,, the
number of terms in the sum is R}, — k + 1. In addition, since it has the same properties as the transformed
Regge matrix (for example, the order of the j’s), it follows that /3 is its smallest magnitude binomial sum.
We denote this scheme edge recursion because each successive 3-j symbol in the sequence lies on successive
inner contours in diagrams like the one shown in Fig. 1.

A recursion relation among three of the consecutive 3-j symbols, namely

(j;+§ jh-k fé) (63)

1 k ! k !
m =35 m+3 My

is derived in Appendix A. The corresponding binomial sum recursion relation is

. k—1 . k—1 . k—1 k—1
IC3 (.]{ + 2 a.]é - 2 nlgvm'; - _2_9m£ + —é_,mg)
=[(—ji+i+i—k+ DGy —m—k+ 1)]"{[—(11 +i—i)Us—my+1)

+(B-my+ R =B+ +k+ D+ G —m+ R (—ji+ia+ia+k+1)]
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Table 1
Recursion sequences for several 3-j symbols

n ny n3 Eq. Remarks

(a) j1 =65/2,j2=35,j3=75/2,m = 15/2,my = —=10,m3 = 5/2 (j{ = 40, j; = 30, j§ = 35,m} = 0,my = 5,m3 = —5)

0 0 0 - Zero because J is odd.
0 1 -1 (37)
0 2 -2 (54)
0 3 -3 (54)
0 4 —4 (54)
0 s -5 (54)

(b) j1=30,/2=39,j3=37,m ==5,m=—-3,m3 =8 (j] =81/2,j5 =30,j5 =71/2,m} =9/2,my =2, m3 = —13/2)

~-1/2 0 172 (43)
=-3/2 0 3/2  (45)
—-1/2 1 —1/2  (57) Tum the corner to constant n;.
-1/2 2 —-3/2 (54)
172 2 —5/2  (61)  Turn the corner to constant 5.
3/2 2 -7/2 (56)
52 2 -9/2  (56)
7/2 2 —-11/2 (56)
9/2 2 -13/2  (56)

(c) j1=39,j2=35j3=35,m = —Lmy = —11,my = 12 (j| =43, j =31, j; =35, m} = =3, my = 7,m3 = —4).

0 0 0 - Zero because J is odd.
-1 0 1 (40)
-1 I 0 (58) Turn the corner to constant nj.
-2 2 0 (53)
-3 3 0 (53)
-3 4 -1 (60)  Turn the corner to constant nj.
-3 5 -2 (54)
-3 6 -3 (54)
-3 7 —4 (54)

(d) j1=37,j2=41,j3=37T,m =—15,my=13,m3 =2 (]{ = 93/2,j£ = 63/2,j§ = 38,m; =—15/2,my =7/2,m3 = 4).

—1/2 1/2 0 (50)

-3/2 1/2 1 (52)

-3/2 3/2 0 (58)  Turn the corner to constant ns.
-5/2  5/2 0 (53)

-7/12 /2 0 (53)

-9/2  7/2 | (59)  Turmn the corner to constant n;.
—11/2  1/2 2 (55)
—-13/2 772 3 (55)
—15/2  7/2 4 (55)

2 2
—l-m+k+ D -+ +k+1)
1

., k+1 , k+1 k+1 k+1
XIC3(J;+__’]£—_2—vj:’§1m’1—_2_"m£+—2—ymg)}'

o k +f k «f ! k / k /
XIcs{Jy+ 5.2 — 5503, M — E’mz“‘ 50 ™M

2
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Fig. 3. Schematic of binomial sum recursion sequences for 3-j symbols in (a) Table la, (b) Table 1b, (c) Table Ic, and (d) Table 1d.

As in the previous section, the recursion sequence shown here requires two starting points. The first starting
point is k = R}, for which there is only one term in the binomial sum. Substituting this k into Eq. (63) and
the resulting j’s and m’s into Eq. (22) yields

JJ o, JJ . ey (= 273
Ic3 <§, 7 — J3» J3» 1+ my — 33 -a+ mé,mg) = (=1)12m (Jé +mZ) ’ (65)
The second starting point is k = R{; — 1, for which the binomial sum has two terms. From Eq. (63) and (22)
and some manipulations of the form

n n+m-—1 n
(3)-232 ().



R.E. Tuzun et al./Computer Physics Communications 112 (1998) 112-148 129

we obtain
J-1J+1 , , . J-1J-1 |
tes (15 Tt = i i = T T )
JJ o, .. J J
~tes (303 — fedbodi 4= 3.5 =i+ )

L GAm)Gi— gy —mh + 1) — (g +mp) (i — mh)
Gi—Js-m+1D) '

(67)

Applying Eq. (64) successively from k = R{; — 1 down to k = 1 yields the transformed binomial sum.

This completes the calculation of the binomial sum for the transformed 3-j symbol. The rest of the transformed
3-j symbol may be calculated as shown in Eq. (29). Only one task remains: to calculate the sign factor o in
Eq. (36) to obtain the untransformed 3-j symbol. If J is even, of course, this is unnecessary since no sign
changes occur under any symmetry transformations. If J is odd, sign changes occur under odd row or column
permutations of the Regge matrix but not under transposition. Thus, the sign factor depends directly on the
parity of the row or column transformations required to obtain the untransformed Regge matrix. For example,
for the 3-j symbol

8 12 15
-2 1 1)

the untransformed Regge matrix is

19 11 5
R=1{10 11 14]. (68)
6 13 16

To obtain the transformed Regge matrix

5 19 11
R=(16 6 13 (69)
14 10 11

requires a (132) row permutation, which is odd and causes a sign change, and a (231) column permutation,
which is even and causes no sign change. Thus, the total sign change is negative.

The parity (even or odd) of a permutation can be calculated very simply. Let (ijk) be some permutation of
(123). Then the quantity (k—i+3) mod 3 is 2 if the permutation is even and 1 if it is odd. Once this is calculated
for the row and column permutations then the total sign factor can be obtained from o = (Frow + T column) mod 2.

Calculation of tables of 3-j symbols

So far, this paper has described how to compute individual 3-j symbols. In many calculations, however,
sequences of 3-j symbols are required. Schulten and Gordon and other workers have noted that recursion is
an efficient method for accomplishing this. Any 3-j recursion scheme can be adapted into a binomial scheme.
This can prove useful if exact results are absolutely essential. For example, the straight line recursion relations,
Eqgs. (53)-(56), which follow directly from Schulten and Gordon’s results, can be used to calculate lines of
3-j symbols with a constant m. One calculation scheme of theirs which has so far not been treated is the set of
all possible 3-j symbols for which only one top argument, say j;, may change. To calculate the 3-j symbols,
they use
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A v J2 3 . g2 3 . ; o 2 i
A 1 B =
AL+ 1) (ml my ms) + B(j1) (ml my m3> + (1 + DDA (m1 my m3) 0, (70)

where

A =[G =+ Ui+ =) (=i + i+ + DU +ja+ s+ DG —m) G +mi) Y2,
(71)

B(jn))=—Cha+Dljp(+1Dm —j3(s+ Dm —j1(Gr+ 1) (m3 —my)] . (72)

This leads directly to the binomial sum relation

A1 —Jja+ 3+ D (i +m) Gy —m)Ica(ir + 1, jo2, js, my,ma, m3) — B(j1)c3(jr, Jon J3, mu, ma, m3)

+(h+D(=h+j+ia+D+i2— )+ i+ 3+ Dica(jy — 1, ja, ja, mi,ma, m3) = 0.
(73)

Calculation of the prefactors can be economized by first calculating a table of square roots and storing them
for later use. The prefactors involve square roots of factorials whose arguments change by one as the recursion
progresses. Thus, successive prefactors can be obtained from previous ones by a few multiplications and
divisions. This method can be used for any recursion scheme in order to save calculation time.

It should be noted that for individual 3-j symbols, the recursion schemes were carefully chosen to make Ic3
the smallest magnitude binomial sum throughout. In general, /¢3 will not always have the smallest magnitude.
All of the recursion relations reported here can be rewritten in terms of other binomial sums. If the arguments of
the 3-j symbols have special values, it may prove useful to investigate the possibility that binomial sums other
than Ic3 have the smallest magnitude. However, in a completely general calculation, I¢3 will very probably
work as well as any other sum.

When inspecting the properties of a set of 3-j symbols, it may be useful to first know how much computational
effort will be required, which roughly matches the number of 3-j symbols. In order to calculate this number, it
is useful to remember that each set of 3-j symbols related by Regge symmetry is characterized by a set of five
nonnegative integers S < B < T < X < L. A more convenient set of parameters for counting purposes is the
five nonnegative integers ¢; = S and

c;=B-§, (74)
c3=T—B, (75)
ca=X-T, (76)
cs=L—X. (77)

In terms of the ¢’s, the design of the transformed Regge matrix yields c4 > ¢; and, if ¢4 = ¢3, then ¢5 > ¢3. In
addition, the transformed Regge matrix can be written

cl cit+ecp+e3+cat+ces cp+certcea
R=|c+c+c+ce ¢+ ca+estes|, (78)
¢y +c2+c¢a+Cs c1 + ¢4 crt+ecy+cs

which has a rank of J = 3¢; +2c¢; + ¢3 +2¢4 + ¢s. The size of a fully symmetry reduced table of 3-j symbols for
which ji +jo+j3 is equal to some J is the number of nonnegative integer solutions of 3¢ +2c;+¢3+2¢c4+c5 = J,
subject to the above conditions on the ¢’s. Writing J = 12n + i, where 0 < i < 11, we obtain

4 .
NR3(12n+i)=Zdij(n+j-1), (79)

J=0
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Table 2
Size of Regge symmetry reduced tables of 3-j symbols: d;; for Eq. (79)

i dio din dn di dis
0 1 123 512 283 5
1 1 155 518 187 3
2 3 187 518 155 1
3 5 223 512 123 1
4 9 260 497 98 0
5 13 302 473 76 0
6 21 338 449 56 0
7 29 380 413 42 0
8 42 413 380 29 0
9 56 449 338 21 0
10 76 473 302 i3 0
1 98 497 260 9 0
where the d;; are listed in Table 2 and the formula is derived in Appendix B.
3. 6-j symbols
One common expression for the 6-j symbol is [5]
a b c (-D)"(n+ 1!
=A(abc)A(cde)A(ae f)A(bdS) , 80
{d e f} ( 4@ NAGA Y e T (= B (80)
where each triplet satisfies the triangle conditions and
(a+b—c)a—b+c)l(—a+b+o)!]"?
a = , 81
(abe) [ (@atrbtc+D)! 81)
ay=a+b+d+e, ay=a+c+d+f, az=b+ct+e+f,
Bi=a+b+c, Br=a+e+f, Bi=b+d+ f, Bi=c+d+e, (82)

and the sum is over all nonnegative integer n for which every factorial has a nonnegative argument. If the
triangle conditions are not satisfied, the 6-j symbol vanishes. The 6-j symbols are often represented in the form
of a 3 by 4 array called the R-symbol [29],

—c+d+e b+d-—f a+e—f a+b-c
R=|-b+d+f c+d—e a—-b+c a—e+f]|. (83)
—a+e+f —a+b+c c—d+e b—-d+f

From the triangle conditions and from
Rij=a;—Bj, (84)

it is readily apparent that each & and B is a nonnegative integer and that o; > B; for all i and j. The elements
of the R-symbol also satisfy

Rij + Rie = Rig + Ry;j (85)
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and

J=) Rj=2(a+b+c+d+e+f). (86)
iJ
The 6-j symbol has 24 symmetries that are described as classical: it is invariant with respect to any column

permutation and with respect to the interchange of upper and lower arguments of any two columns. Regge [26]
discovered several additional symmetries such as

a b c a c—b;—e-&f b—c;—et[
{d } = { btc—et+f  btcte—f } ’ (87)
e f d 5 3

which yield a total of 144 symmetries. Shelepin [29] later showed that these 144 symmetries are isomorphic
with the set of all row and column permutations of R. Unlike the case for 3-j symbols, if two 6-j symbols are
related by Regge symmetry, whether the j’s are integer or half-integer, then they have the same a’s and B’s.
This can be verified by inspection of the R matrix under (12) and (13) row permutations and (12), (13), and
(14) column permutations since the entire set of Regge symmetries can be obtained from products of these
operations.

From these results we now construct a convenient parameterization of each set of 6-j symbols related by
classical or other Regge symmetries. Let us define A;, A;, and A; to be the smallest, middle, and largest values
of a;, as, and a3 and B\, B;, B3, and B, to be the smallest, second smallest, second largest, and largest values
of B1, B2, B3, and B4. In a manner similar to the 3-j symbols, the row- and column-permuted R-symbol R’ for
which R}; = A; — B; is unique to each set of 6-j symbols related by Regge symmetry. The 6-j symbol which
directly corresponds to the transformed R-symbol will be denoted

A B C RiatRy  RutRy  RptRy
oo
R +R, Ry +RL Ry +R
2 2

D EF :

and will prove especially useful when discussing binomial sum recursion. From Eq. (80) and the definition of
the A’s and B’s, the number of terms in the binomial sum is A; — B4 + 1. The elements of the transformed
R-symbol satisfy the inequality R}, < R, if i < k and j > £. From R], < Rj; < R}, we obtain A < B < C.
Similar comparisons yield A < D, A< E,A<F,and B<F.

Calculation of individual 6-j symbols

Several special cases of the 6-j symbol have simple formulas which take far less effort to calculate than
the general formula. By examining the A’s and B’s, it is possible to detect these special cases — and all their
Regge symmetry transformations - with far less effort than by directly testing the 6-j arguments. For example,
if Bs = A; then the summation has only one term. Some algebra similar in spirit to Eqs. (23)-(28) yields

1/2
By— B,y /

6j(Bs=An=(-D" | []

i=1

(B3 +14+0D)(A3— A1 +1)
(A3 — B, +i)(Ay— By +1i)

1/2
A — Ay /

H (A — B, +i)(Bs— By +i)(Bs— B3 +1i)
(A1 + B — Ay +i)(A + By — Ay +i)i

1

, (389)
(Bi+1)(B2+1)

=1

where each product is considered to be 1 if its upper index is 0. This formula includes (among many others)
the cases [10]
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{0 b C}_ (—1)b+d+86b(26€f
d e [ [(2b+1)2e+1)]17 (90)
and

a b oa+b)| _ . 2atb (2a)!(2b)!

{a b f }_( b (a+b—f)la+b+f+ D1’ oD

where &;; refers to the Kronecker delta, which is 1 if i = j and zero otherwise.
It is also easy to check for trivially zero 6-j symbols. For example, for the 6-j symbol

1 0 1
0 0 O

we have A; — B4 = —1, which indicates that at least one triplet violates the triangle conditions.
As Lai and Chiu have noted, the expression for a 6-j symbol can be rewritten in terms of an alternating
binomial sum in a manner similar to the 3-j symbol. There are 24 ways to do this,

a b ¢\ _[A B C\_|Ry iR Ry Ry Ry R IR IR (By + 1) 2
d e f D E F RUIRS IR, (B + D I(B; + DB + 1)!
xliju(A,B,B,D,E, F), (92)

where ijk¢ is a permutation of 1234, R,’-j are elements of the transformed R-symbol, and [ is the binomial
sum

_ nf n+1 A; — B; AQ—B_' A3z — By
1,-,-“_2":(—1) (Bg+1)(Al—n)<A2—n})(A3—n>' (93)

If two 6-j symbols are related by Regge symmetry, then the pre-factors in front of the summation in Eq. (80)
are equal since they involve the set of B’s and the set of all twelve entries of the R-symbol, each of which
is invariant under any Regge symmetry transformation. Therefore, the sums are also equal. It follows that the
optimal calculation sequence depends only on which set of factorials is introduced into the sum and not on the
arrangement of the R-symbol. Two methods for evaluating the binomial sums and from there calculating the
6-j symbol are direct summation and recursion, as we now show.

Method I ~ Direct summation

The same issues involving accuracy and efficiency of the calculation of 3-j symbols apply to the calculation
of 6-j symbols. Essentially the same process, namely systematically choosing the smallest magnitude binomial
sum, will be followed here. It should be noted that for the 3-j symbols, it was required to introduce factorials
into the sum in order to obtain an integer. However, the summation terms in Racah’s expression for the 6-j
symbol, Eq. (80), are already integer. To see this, we note that since

J=Y A=) B oD
i J

and the sum of all factorial arguments in the denominator is n, then each term is n 4+ 1 times a multinomial
coefficient and is therefore integer. Despite this, it still makes sense to construct a binomial sum because the
factor introduced into the sum, namely
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(A= B)!(A - B))!(A3 - By)! _ By Ay + As— B, — B\’
Fije = (B, +1)! = {(B“L]) (Al —B,»)( As — B, )} (95)

is clearly less than 1. For a given £, by using the method for finding the smallest product of factorials shown
in the 3-j section, we find that i < j < k yields the smallest factor. This eliminates all but four permutations
(1234, 1243, 1342, and 2341). Permutations containing two common factors (e.g., 1234 and 1243) can be
compared by noting that A, < B, 4+ B; for any (p,r,s), which can be proven from Eq. (82), and that
(D-E)I/(F+1)! <(D-F)!/(E4+1)!if E<F and D < E+ F. Successive comparisons of this type yield
Sf1231 < fl243 < fiza2 < fa3a1 and therefore that /)34 is the smallest magnitude sum. After substituting

(A1 — By) (A2 — B3) (A3 ~ By)! (A — B4) (A2 — B3)!

B,! = Bt Dan(A+ A —Br —Bat Dapy’ (96)
(A3 — B2)!(A2 — B4) (A = By)! _ (A2 — By)!(A; — B3)! ’ (97)

B! (A3~ By + 1)a,-8,(A2+ A3 — By — B + 1) a,_3,
(Ba+ D!(As~Ba)! (B3 +2)p,-8 ’ (98)
(B3 +1)!I(A3 — B3)! (A3 — Bs+1)p,-8,
(A = B)!(A = B1)! _ (A1 = Bi + D4 ’ (99)
(A2 — B2)!(A1 — B1)! (A1 — By + 1) a4

and
(A2 — B3)! _ (A — By)!

(A +A3; —Bi = Bs+ Da—p,  (A2+As—Bi ~ B3+ 148,

(Ay — Ba+ 1)p,—p, (A1 — B3 + 1) 4,4, (100)

8 (A1 + A3 — B —Bys+ 1)p,—5,(A1 + A3 — By — B3 + 1) 4,4,
and several more similar results, we obtain
1
(B +1)(B2+1)
y (B3 +2)p,—5,
(A3 — B4+ 1)p,_5, (A1 + A3 — By —Ba + 1)p,—3,
1 1
g (A2+ A3 =By — By + 1)p,—5, (A3 — B1 + 1) 4,-3,(A3 — By + 1) 4,3,
1 1/2
x (A2+A3—By — By +1)a,-5,(A2+ A3~ By — B3 + 1)A|—B4:I

A
nf n+1 A - B Ay — By Ay — B3
e () () () (70) (o)

n=B4

{j b ;}=(A1 — B4)"*(A| — B+ D)p,-a,

a form in which the prefactor may be evaluated without concern for overflow. The first term in the binomial
sum is

A —B Ay — B> Az — B
(1184 1 1 2 2 3 3 102
wmcot(325) (h7a) (875) (w
Successive terms may be calculated from
— — Az — 1
tn=—tn—1n+1 A n+1xA2 n+1x 3—n+ ' (103)

X
n—B4 n—B| n—Bz n—83



R.E. Tuzun et al./Computer Physics Communications 112 (1998) 112-148 135

Each successive fraction on the right-hand side of Eq. (103) is the factor for changing the bottom arguments
of the binomial coefficients in Eq. (101) by one. Therefore, each multiplication must be performed before the
corresponding division in order to assure that every intermediate is an integer.

Method II — Recursion

Essentially the same considerations that apply to 3-j binomial recursion schemes apply to 6-j calculations as
well. A 6-j binomial sum recursion scheme with as many steps as the number of terms in the direct summation
can be constructed in a manner similar to that for the 3-j symbols. From the formula for the transformed
R-symbol, the number of terms in the binomial sum is R}, + 1. We seek a series of 6-j symbols for which the
number of terms in the sum changes incrementally by 1. One such set of 6-j symbols is

A-k B C
{ D E F}’ (104)

where A through F are from Eq. (88). Here, the number of terms is R{, — k + 1, where & is a nonnegative
integer no larger than Rj,. The corresponding R-symbol is

i 2 Ru—k Rg—k
Ry +k Ryp+k Ry Ry,

Since this new R-symbol has the same properties as the original transformed R-symbol (for example, the
previously reported inequalities), it follows that /1234 is the smallest magnitude binomial sum for the entire
series of 6-j symbols. A recursion relation reported by Schulten and Gordon,

aE(a-}—l){aji-l ’: ;}+F(a){3 Z ;}—f-(a—i-l)E(a){a;l ’: ;}=0, (106)

where

E(@)=[(a=b+c)a+b—c)(—a+b+c+1)(a+b+c+1)(a—e+ f)
x(ate—f)(—a+e+f+D(a+e+ f+D]", (107)
F(a)=Qa+ ){ala+ D[—a(a+ 1) +b(b+1)+c(c+1)]
+e(e+ Dlala+1) +b(b+1) —c(c+ 1))+ f(f+ Dlata+1) =b(b+1) +c(c+1)]
—2a(a+1)d(d+1)}, (108)
can be used to step along 6-j symbols of the form shown in Eq. (104). Substitutinga = A—k,b=B,c=C,d=
D,e=E, and f = F into this result and some tedious manipulations yield the binomial recursion relation
Lau(A—k+1,B,C,D,E,F)=—[4(A-k(A+E-F—-k+1)(A+B-C—-k+1)
x(A—B+C —k+1)(A—E+F—k+1)]""{4F(A—k)l124(A—k,B,C,D,E,F)
+4(A—k+ 1)(—A+E+F+k+1)(-A+B+C+k+1)
x(A+B+C —k+1)(A+E+F~k+ 1)1234(A—k—1,B,C,D,E,F)}. (109)

The extra factors of 4 are inserted to ensure that the coefficients are integer. By going through all the possible
cases of A, B, etc. being integer or half-integer, it can be determined that F(a) is sometimes quarter-integer.
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The first starting point is k = R, = A + B — C, for which the binomial sum has only one term. Substituting
this k into Eq. (104) and the resulting angular momentum arguments into Eq. (93) yields

C+D—E> (C—D+E)‘

_ — (_1)\C+D+E
I234(C — B, B,C, D, E, F) = (~1) (B+D~F 5_DiF

(110)

The second starting point is k = R{,—1, for which there are two terms in the binomial sum. Similar manipulations
and the use of Eq. (66) yields
I1234(C — B+ 1,B,C,D,E,F)=11234(C — B,B,C,D,E,F)
X[(~=-C+D+E)(B+D—F)(~B+C+E—F+1)
—~(C+D+E+2)(~-B+C—E+F+1)(B—D+F)]
/I(~-B+C —E+F+1)(—-B+C+E—F+1)]. (111)

Applying Eq. (109) successively from k = R}, — 1 down to k = 1 yields the transformed binomial sum. From
there it is straightforward to calculate the 6-j symbol, as shown in Eq. (101).

Calculation of tables of 6-j symbols

In a manner similar to the 3-j symbol, any 6-j recursion relation can be rewritten as binomial sum relation.
The issues concerning the calculation of tables of 6-j symbols by binomial recursion are similar to those for
3-j symbols and will not be repeated here.

Once again, for counting purposes we seek a convenient set of nonnegative parameters which are unique
to every set of 6-j symbols related by Regge symmetry. To begin with, we define the following nonnegative
integers d, through ds:

d, = By, dy =B, — By, dy= B3 — By, d3=B4— B3,

ds= A — By, ds=A;— Ay, de = Az — Ay (112)
The d’s are not independent. From this result and Eq. (94), we obtain

d,=dy + 2ds + 3dy + 2ds + dg (113)
and from there

B, =d; 4+ 2d3 + 3d4 + 2ds + ds,

By =d) + dy +2d3s + 3d4 + 2ds + ds

By =dy + 2dy +2d3 + 3ds + 2ds + dg ,

By=d, 4+ 2dy + 3dy + 3d4 + 2ds + dg

Ay =d) +2dy +3ds +4ds + 2ds + dg

Ay =d; +2dy +3dy + 4ds + 3ds + dg

As =d; + 2dy + 3d3 + 4ds + 3ds + 2ds, (114)
and finally

J =3d) +6d; +9d3 + 12d4 + 8ds + 4ds . (115)
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The six nonnegative integers d; through ds are independent and comprise the Regge symmetry parameterization
off the 6~ syabal. Unlike the Regge parameters for the 3-1 symbal. the d's are narestricted with respect fo sach
other. From Eqgs. (93), (112), and (114), the number of terms in the binomial sum is ds + 1.

Giovannini and Smith [30] have noted that it is not possible to choose any set of arguments of the 6-j
symbol for which J =1, 2, or 5 and for which all triangle conditions are satisfied. This immediately follows
from Eq. (115).

When studying the properties of 6-j symbols, in order to estimate the required computational effort required,
it is useful to know the number of 6-j symbols that need to be calculated. The size of a fully symmetry reduced
table of 6-j symbols for which 2(a +b+c +d + e + f) is equal to some J is the number of nonnegative
integer solutions of 3d; + 6d, + 9d3 + 12d4 + 8ds + 4dg = J. Writing J = 72n + i, where 0 < i < 71, we obtain

5
. 5 j
Nis(T2n+1i) = > d,-‘,-<"+5 1), (116)

Jj=0

where the d;; are listed in Table 3. This formula is derived in Appendix B.

4, Results and discussion

As Lai and Chiu have noted, rewriting the formulas for 3-j symbols in terms of integer (binomial) sums
enables accurate, often exact, floating point computation of these quantities. Although the sum in Racah’s
formba Sor ine 5 symiph s direalyy yigger 115 possitie 1w rewinie imhs Tormba m 1erms oF 2 vinprhd sum
which is even smaller in magnitude. Below some limiting magnitude, depending on hardware considerations,
integers can be represented exactly in floating point. If the summation terms and intermediates fall below this
limit, then the sum will be exact and the 3-j or 6-j symbot accurate to machine precision since the prefactor in
front of the sum introduces no rounding error. If the floating point limit is exceeded then some rounding may
occur.

For both 3-j and 6-j symbols, there are several possible formulas involving binomial sums. One essential
reselt of ¢his wark o sl by cioasing ¢ smalliest magnitede dinomiad sum, e wewaey of foating point
calculations (o5 sperd of caloulations using large integer towtines) can e manimized. This choice <an be
made systematic with the help of new Regge symmetry parameterizations for both the 3-j and 6-j symbols.
Essentially, given a 3-j or 6-j symbol, the Regge matrix or R-symbol is transformed in a special manner to
give a unique transformed 3-j or 6-j symbol. By using this strategy it is also possible to speedily detect speciat
cases for which the formutas are particatarly sunple.

These advantages can be extended to recursion schemes. For any 3-j or 6-j recursion relation, there are many
possible corresponding binomial sum results. The 3-j and 6-j Regge symmetry parameterizations enable the
construction of recursion schemes with as many steps as direct summation. In addition, for the 3-j symbols,
special formulas at or near m; = O (several of which appear not to be listed elsewhere in the literature) serve as
initial points for recursion sequences which are often much shorter than direct summation. All of these schemes
are carefully constructed so that the smallest magnitude intermediate binomial sums are chosen at each step.

One issue it is necessary to carefully explore is whether calculation of the binomial sum ever produces a
floating point overflow (which would require passing the limits of about 10%® and 107 in single and double
precision, respectively}. This would most likely occur while calculating the largest term in direct summation
calculations. To answer this question, special routines for calculating just the binomial sum portions of the
3-j and 6-j symbols were constructed. For each J, 3-j or 6-j binomial sums for every possible set of Regge
parameters {c;} or {d;} were tested. In single precision, no overflows occurred up to J = 137 for 3-j symbols
and J = 318 for 6-j symbols. In double precision, J’s up to 300 for 3-j symbols and 600 for 6-j symbols were
fully tested. No double precision overflows ever occurred.
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Table 3
Size of Regge symmetry reduced tables of 6-j symbols: d;; for Eq. (116)

i dy dj dip di em djs i dio dil ) di3 dia dis
0 1 960 10781 15779 3534 49 36 89 4339 16365 9625 686 0
1 0 914 11015 15867 3277 31 37 72 4357 16701 9399 575 0
2 0 987 11225 15663 3195 34 38 83 4545 16719 9187 570 0
3 1 1086 11390 15464 3129 34 39 104 4744 16680 9016 560 0
4 1 1107 11589 15425 2958 24 40 105 4843 16845 8817 494 0
5 0 1129 11821 15327 2807 20 41 102 4967 16995 8589 451 0
6 2 1290 11965 14989 2829 29 42 139 5249 16791 8435 490 0
7 1 1251 12210 15038 2589 15 43 123 5284 17106 8196 395 4]
8 2 1350 12375 14839 2523 15 44 144 5483 17067 8025 385 0
9 3 1460 12541 14607 2476 17 45 167 5701 16995 7855 386 0

10 2 1482 12773 14509 2325 13 46 164 5825 17145 7627 343 0

It 2 1521 12984 14398 2190 9 47 168 5960 17256 7416 304 0

12 7 1716 13049 14099 2220 13 48 224 6235 16995 7321 329 0

13 3 1675 13347 14067 2006 6 49 197 6311 17289 7045 262 0

14 4 1785 13513 13835 1959 8 50 220 6529 17217 6875 263 0

15 8 1920 13624 13624 1920 8 51 259 6740 17106 6740 259 0

16 8 1959 13835 13513 1785 4 52 263 6875 17217 6529 220 0

17 6 2006 14067 13347 1675 3 53 262 7045 17289 6311 197 0

I8 13 2220 14099 13049 1716 7 54 329 7321 16995 6235 224 0

19 9 2190 14398 12984 1521 2 55 304 7416 17256 5960 168 0

20 13 2325 14509 12773 1482 2 56 343 7627 17145 5825 164 0

21 17 2476 14607 12541 1460 3 57 386 7855 16995 5701 167 0

22 15 2523 14839 12375 1350 2 58 385 8025 17067 5483 144 0

23 15 2589 15038 12210 1251 1 59 395 8196 17106 5284 123 0

24 29 2829 14989 11965 1290 2 60 490 8435 16791 5249 139 0

25 20 2807 15327 11821 1129 0 61 451 8589 16995 4967 102 0

26 24 2958 15425 11589 1107 1 62 494 8817 16845 4843 105 0

27 34 3129 15464 11390 1086 1 63 560 9016 16680 4744 104 0

28 34 3195 15663 11225 987 0 64 570 9187 16719 4545 83 0

29 31 3277 15867 11015 914 0 65 575 9399 16701 4357 72 0

30 49 3534 15779 10781 960 1 66 686 9625 16365 4339 89 0

31 40 3528 16104 10616 816 0 67 651 9796 16530 4068 59 0

32 50 3699 16143 10417 795 0 63 717 9995 16365 3969 58 4]

33 61 3887 16161 10205 790 0 69 790 10205 16161 3887 61 0

34 58 3969 16365 9995 717 0 70 795 10417 16143 3699 50 0

35 59 4068 16530 9796 651 0 71 816 10616 16104 3528 40 0

All of the 3-j formulas presented here were tested on an IBM RS6000 workstation in IEEE single and
double precision (about 7 and 15 significant figures, respectively) and compared to quadruple precision (about
31 significant figures) direct summation results. Every 3-j symbol with integer arguments up to J = 150
(507251436 3-j symbols, with up to 51 terms in the binomial sum) was calculated by binomial direct
summation, center recursion, and edge recursion in single and double precision. If a 3-j symbol was related
by Regge symmetry to the m; = O case, then the closed form expression was used. For single precision, 3-j
symbols up to J = 137 were calculated. This large number of 3-j symbols was chosen in order to ensure that
every 3-j formula was thoroughly tested. For each calculation method and precision and for each J, careful
track was kept of the maximum absolute error.

Fig. 4 shows the results as log error plots. If for a given J the maximum error was zero (complete agreement
with quadruple precision direct summation results), the point was omitted from the plot. Separate plots are
shown for direct summation (Fig. 4a), center recursion (Fig. 4b), and edge recursion (Fig. 4c). In each case,
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Fig. 4. Accuracy of single and double precision 3-j binomial formulas: (a) direct summation, (b) center recursion, and (c) edge recursion.

the plots show several regions: a low J region in which the error is essentially constant and is due to truncation
(no cancellation occurs in the binomial sum), and intermediate or large J regions in which the maximum error
rises at different rates.

For direct summation, the maximum error increases fairly smoothly after about J = 63 for double precision.
The single precision maximum error rises at a similar logarithmic rate but for smaller J until about J = 90,
when it suddenly shoots up to about 10~2 and remains essentially constant. It would be reasonable to expect
similar behavior for the double precision results somewhere beyond J = 150.

For center recursion, the maximum error does not increase as smoothly. Above about J = 60 and J = 105 for
single and double precision, respectively, the maximum error shows a zigzag behavior in which the maximum
error for an odd J is lower than that for the adjacent even J’s. For edge recursion, the error shows sudden
jumps rather than a smooth logarithmic rise. For single precision, this jump occurs at about J = 50 (from about
10~8 to about 10~2). For double precision, no jumps occur up to J = 150. Presumably such a jump would
occur at some higher J. The difference in the accuracy of the two recursion schemes may stem from the fact
that the beginning steps of edge recursion have fairly small binomial sums. In fact, the boundary point binomial
sum, Eq. (65), is a single binomial coefficient. Thus, errors would tend not to build until the later steps of the
recursion sequence. For center recursion, however, the binomial sums start out large, and so errors can begin
to propagate at the third or fourth step (the first two or three binomial sums are calculated exactly).

In addition to carefully tracking maximum absolute errors, 3-j symbols for which the error by either recursion
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Fig. 5. Accuracy of single and double precision 6-j binomial formulas: (a) direct summation and (b) recursion.

scheme was above a cutoff of 1078 were tabulated. In many cases, including some with the worst errors, center
recursion had fewer steps than direct summation. In other words, a 3-j subroutine which chose the faster of
center recursion or direct summation would not necessarily be more accurate than a binomial center recursion
3-j subroutine.

One important consideration in scattering and other calculations in which many 3-j or 6-j symbols are
calculated is the safe range of angular momentum arguments for each method for calculating binomial sums.
For double precision results, the most commonly used working precision, the maximum error is below 10~'0 at
or below J = 132, 74, and at least 150 for direct summation, center recursion, and edge recursion, respectively.
These are conservative safety limits because only a small fraction of 3-j symbols for a given J have an absolute
error above the cutoff.

To detect possible rounding error, the largest magnitude binomial sum term or intermediate can be tested
against the floating point limit. If this limit is not exceeded, then no rounding occurs. If the limit is exceeded,
then some rounding error may occur. For direct summation, the maximum possible roundoff error is dictated
by the ratio of the sum to the largest term (unless the sum is zero). For either recursion scheme, rounding
error may accumulate as the calculation proceeds. No rigorous error bound formulas are now known for either
recursion scheme or have been found in this work.

Similar tests as above were performed for 6-j symbols. Every 6-j symbol with integer arguments up to J =
300 (538,724,429 6-j symbols, with up to 26 terms in the binomial sum) was calculated by direct summation
and by recursion in single and double precision. As with the 3-j symbols, these results were compared with
quadruple precision direct summation. The results are shown in Fig. 5 for (a) direct summation and (b)
recursion. For both single precision direct summation and single precision recursion, between J = 100 and J =
110, the maximum error jumps from about 1078 to about 10~! and remains essentially constant thereafter. In
double precision, the direct summation maximum error rises very slowly from about 1071 at J = 140 to about
107'* at J = 300. The recursion maximum error remains essentially constant at around 10~!¢ throughout.

All of the above discussion pertains to floating point subroutines, which are used when speed is the priority.
When absolute accuracy is essential, the binomial sums can be calculated in large integer subroutines. In this
case, for both 3-j and 6-j symbols, recursion has several advantages over direct summation. The chief advantage
is the smaller intermediates and therefore greater speed: the largest term in the direct summation can be much
larger than the intermediate recursion binomial sums. Another advantage is that recursion is much more well-
suited for prime factorization techniques. At each recursion step, it is easy to keep track of the common prime
factors among adjacent binomial sum terms and prime factorization makes it possible to reduce the size of large
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integers that are to be manipulated and therefore speed up the calculation. Direct summation is less convenient
because the partial sums can be much larger in magnitude than recursion intermediates and because their prime
factorization properties are unknown. If, for example, the partial sums contained very large prime factors, then
the advantages of prime factorization would be lost.

The methods described here have been optimized for the computation of individual 3-j and 6-j symbols. In
calculations requiring many 3-j or 6-j symbols, depending on the problem, it may be possible to achieve further
speedups. One fairly obvious strategy is to precalculate a table of binomial coefficients. This would eliminate, for
example, a multiplication and several divisions in Eqs. (31) and (103) where individual summation terms are
calculated from previous terms. However, this and other optimizations introduce the possibility of programming
errors involving interactions with the calling program. When developing the calling program, it should be
verified that test cases using optimized and unoptimized 3-j and 6-j routines give identical results.

Table 4 shows timing comparisons for the methods described here and several others in the literature (from
the CPC library and modified as little as possible). All results are averages of 10 identical timing runs. In
the 3-j timing runs, every 3-j symbol with integer arguments and with J = 90 was calculated (2238751 3-j
symbols, with up to 31 summation terms). In the DS/ER timing runs, for each 3-j symbol, the number of
direct summation terms was compared to the number of steps required for edge recursion. Whichever method
had the smaller number of steps was used to calculate the 3-j symbol. A similar comment applies to CR/ER
(center recursion/edge recursion). In the 6-j timing runs, every possible 6-j symbol with integer arguments
and J = 240 was calculated (4348212 6-j symbols, with up to 21 summation terms). All of these runs were
performed on an IBM RS/6000 Model 580 in double precision. Timing runs with and without precalculated
tables of binomial coefficients are reported (tpin and #nobin, respectively).

In the 3-j calculations, precalculating binomial tables saves about 41% for direct summation and 8.3% for edge
recursion. Direct summation would be expected to have a larger speedup factor because binomial coefficients
are used in calculating every summation term, whereas in edge recursion binomial coefficients are used only in
the first two recursion steps (similar considerations apply for the 6-j results). As implemented here, binomial
coefficients are not used in edge recursion. However, far greater savings are obtained by choosing the shorter
of center recursion and direct summation or edge recursion. Timing resuits are also shown for Schulten and
Gordon’s method. Although theirs is the fastest of all the methods shown, we emphasize that all the other
timing runs are for the calculation of individual 3-j symbols from scratch. If, for example, the edge recursion
scheme were adapted to the calculation of tables of 3-j symbols, the times would likely be comparable or
slightly smaller than those of Schulten and Gordon.

Finally, we note that since the required sequences of angular momentum coefficients depend on the type of
calculation, these timing results should be regarded as ballpark estimates of what can be expected in different
applications. In particular, the savings resulting from optimizations such as precalculation of binomial tables
may vary considerably.

5. Conclusions

In this paper, the previous work of Lai and Chiu on binomial sum 3-j and 6-j methods is improved in
accuracy and extended to recursion schemes. This is made possible by observing that there are several possible
binomial sum formulas for both the 3-j and 6-j symbols. By using new Regge symmetry parameterizations it
is simple to choose the most optimal sum. In addition, it is possible to speedily detect special cases for which
the formulas are particularly simple. For the 3-j symbols, a new type of recursion scheme, center recursion, is
described which is often far faster than direct summation.

By combining the Regge symmetry parameterizations with generating function techniques, it is possible to
determine the size of Regge symmetry reduced 3-j or 6-j tables. Similar methods can be used to determine the
number of 3-j or 6-j symbols belonging to almost any conceivable class.
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Table 4
CPU times for the calculation of sets of 3-j and 6-j symbols with integer arguments and with J = 90 and J = 240, respectively; see text
for further information

Method tnobins 8 % thins S P Remarks

3-j symbols

DS 58.8 34.8 Direct summation

CR 69.0 - Center recursion

ER 457 419 Edge recursion

DS/CR 8.81 8.78 Shorter of DS and CR

ER/CR 8.83 8.81 Shorter of ER and CR

VR 6.53 - Venkatesh and Rao (Clebsch~Gordan coefficients)
SG 5.86 - Schulten and Gordon

6-j symbols

DS 98.8 56.4 Direct summation

Rec 295.6 282.8 Recursion

VRI 94.5 - VR Set I formulas (Racah coefficients)
VR2 91.5 - VR Set Il formulas (Racah coefficients)

2 Table of binomial coefficients not precalculated.
b Table of binomial coefficients precalculated.

When 3-j and 6-j formulas are rewritten in terms of binomial sums, the square roots must cancel and each
binomial sum must have a rational coefficient. This can be used to check each step of the derivation.

In floating point calculations of 3-j and 6-j symbols, especially those with large angular momentum arguments,
binomial recursion and direct summation schemes show distinctly different behavior. In direct summation, the
minimum accuracy tends to rise smoothly with J. For all of the recursion schemes treated here, the minimum
accuracy can exhibit sudden jumps. For J’s up to 150, edge recursion is the most accurate method for
calculating 3-j symbols with integer arguments (the most commonly computed). For J’s up to 300, recursion
is more accurate for 6-j symbols than direct summation, especially at the higher J’s.

For exact calculations using large integer routines, recursion is recommended. In addition to the obvious
speed advantages for calculating tables, recursion is faster than direct summation for calculating individual 3-j
and 6-j symbols because the recursion intermediates are smaller than the largest direct summation terms. In
addition, in exact calculations using large integer routines, prime factorization techniques lend themselves far
better to recursion than direct summation because the partial sums may not factorize conveniently.

Standard Fortran 77 subroutines for 3-j and 6-j symbols using floating point binomial sum direct summation
or recursion are available from the authors.

Many of the issues for 3-j and 6-j symbols discussed here also apply to 9-j and higher 3n-j symbols. Work
on 9-j symbols is in progress.
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Appendix A. Derivation of 3-j binomial sum formulas

Every 3-j binomial sum initial condition and recursion relation can be derived from the corresponding 3-j
symbol formula by using Eqs. (16) and (22). Derivations for the starting points shall be presented first, then
recursion formulas.

Most of the first starting points contain, as an intermediate, the 3-j symbol with m; = 0, as shown in Eq. (7).
From the definitions A = J/2 — ji, B = J/2 — j,, and C = J/2 — j3 and such identities as j; = B + C, Egs. (37)
and (38) directly follow.

If J is even, then substituting m; = 0 into Eq. (34) yields

( B ja) _hGi D =G+ D) -G+ D (jl J js)
10 1/)7 20+ Dis+ DIV 0 0 0/
a result which appears in slightly modified form in Brink and Satchler. From this result, Egs. (39) and (41)
directly follow. If J is odd, then substituting m; = 0 into a slightly modified result from Edmonds,

(A.1)

e . . 2 2 B3t
[((J+2)(J=2i+ D =2+ D = 2j3+ 1] (m1 iy m3>

. . o . 2 N i3 J3
+{ (2 —m)(jo+ma+ 1) (s +m3)(jz+m3+1)] (m1 my+ 1 m3_1>

+2m2[(j3+m3)(j3—m3)]1/2(r]nll ;122 71133)

+[(jz+mz)(jz—m2+1)(j3—m3)(ja—m3+1)]‘/2(,{;1 e 1 ,,,3’11):0, (A2)

and invoking permutation and reflection symmetry yields

(,-, J2 ja)=_1[(Hz)u—zjl+1)(J—2jz+1)(1—2j3>]”2(jl j j3+1> (A%

-1 0 1 2 G+ Dis0Gs+ D) 0 0 0

and from there Eqs. (40) and (42).
As stated previously, the 3-j symbol is invariant under transposition of the Regge matrix,

: : : : R2tjatm J2tjz—m
Ju o oJ2 U3\ _ J1 2 2 (A4)
- A—mi—jtm jyptmy—ja—my |7 :
2 2

m my m3 Jo—J3

Performing this transformation on one of the fundamental recursion relations, Eq. (32), and some tedious
manipulations yield

> ] . j j
[(J3+m3+1)(12+m2)]1/2 (’{111 m22 m33)

. o 2 [ 7 s
+[(j2 —ma + 1) (jz —m3)] (ml my — 1 M3+1>

S L o oh=12 j+1/2)
+[(Jl“]2+13+1)(Jl+]2—J3)]l/2<mll 172 my+1/2)=0 (A5)

Substituting m, = —m3 = 1/2 into this result and invoking reflection symmetry yields

a o \__1 (j1—jz+j3+1)(j1+j2—j3)]1/2(j1 172 ,-3+1/z> A6)
0 1/2 -1/2 2 Ga + 1/2)(ja + 1/2) 0 0 0 :
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for even J, which appears in modified form in Brink and Satchler. Column permutations of this result and some
simple algebra yield Eqs. (43), (46), and (50).
For odd J, substituting m; = 0 into a slightly modified result from Edmonds,

Y 2 o R2+1/2 jz—1/2
O e C A,

s o 2 7 J2 J3
[(2+m+1/2)(j3—ms+1/2)] (ml my — 1/2 m3+1/2)

o , 2 i J2 J3 _
H(a—m+1/2)(j3+m3+1/2)] (ml m+1/2 m3_]/2>—0, (A7)

and invoking permutation and reflection symmetry yields

oo 2 Js iU +th+ia+2D)Gi—ja+js+1) /2 J+1/2 ja ja+1/2
/2 0 -1/2) %2 G+ 1720 1/ (7075 2%7) e
which appears in modified form in Brink and Satchler. Column permutations and some simple algebra yield
Egs. (44), (47), and (51).
Substituting my = ~m3 = 1/2 into Eq. (34) and performing some column permutations and m sign changes
(inversions) yields

v 2 5 (i 2 J3
(3/2 0 —3/2)‘(1/2 0 —1/2)
X(j;+1/2)2+(j3+1/2)2—j2(j2+1)—l+(—1)’(j1+1/2)(j3+1/2)
[ —1/2)Gh +3/2) (s — 1/2) (3 +1/2)]1'/2

for even or odd J. After permuting columns 1 and 2, Eq. (49) immediately follows.
Substituting m; = m, = 1/2 into Eq. (32) and performing some simple manipulations yields

i AU+ DRt a2 s (A.10)
12 172 -1 (s +1D]1/2 -1/2 172 0 ’
for even or odd J. From this point it is simple to obtain Eq. (48).

The 3-j symbol analogue of Eq. (52) is derived in two steps. First, by substituting my = —m3 = 1/2 into one
of the fundamental recursion relations, Eq. (32), we obtain

(A9)

s , 1/2 o h J3
=—(2+1/2) (Jl‘ Y _’13/2) = Ui G+ D172 (’0‘ 772 _’13/2) : (A1)
Permuting columns 1 and 3 of Eq. (A.9), invoking reflection symmetry, and substituting into Eq. (A.10) yields

(jl 2B )z(jl 2 )(jz+1/2)[(j3+1/2)(~1)J+(j2+1/2)]—jl(j1+1)
1 1/2 =372 L 1/2 =3/2 G+ 1Dz —1/2)(ja+3/2)1'/2

(A.12)

which yields Eq. (52).
We now turn to recursion relations. Schulten and Gordon’s result, Eq. (34), and column permutations yield
Egs. (53)-(56).
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Shifting m;, m,, and mj3 in Eq. (33) by —1, —1, and 2 and combining with Eq. (32) to eliminate the 3-j
symbol with bottom arguments (m; — 1, my, m3 + 1) yields

o . ; o 2 v J2 3
[(a—m+1)(a+m)(jz+m3+1)(jz —m3)] (ml my ms)

. . . . IR J3
+(ir+m) (G —m + 1) — (2 +m2) (2 m2+1)](m1 my — 1 m3+1>

. L . _ N 12 J1 J2 J3 _
H(h+m)(h—m+ Dz —ms—D(3+ms+2)] (m,—l M — 1 m3+2>—0,

(A.13)

and from there Eq. (57). From one of the fundamental recursion relations, Eq. (32), we obtain Eq. (58).
Shifting the m’s in Eq. (32) by 0, 1, and —1 and combining with Eq. (33) to eliminate the 3-j symbol with
bottom arguments (m;,my, m3) yields

. . e ) J J2 J3
[(a+m+1)(ja—m) — (j3 m3+1)(J3+m3)](m[ my + 1 m3_1>

. e . , 2 0 2
+H(Gr+m = DGy —m) (o —m)(2a+m+1)] (m1+1 m m}_l)

~[(jl+mn)<j,—ml+1)(j3+m3)(j3—m3+1)]‘/2(mlf‘_l mi i1 ,133):0, (A.14)

from which Eq. (59) immediately follows. Shifting the m’s in Eq. (33) by 1, 0, and —1 and combining with
Eq. (32) to eliminate the 3-j symbol with bottom arguments (m;, mz, m3) yields

. . . . J J2 J3
[(Jl—m1+1)(J1+m1)—(Ja—ma)(13+m3+1)](mll_l o m3+1>
. . ) . Ji J2 J3
+[(Jl—ml+1)(Jl+m1)(J2+m2)(]2—m2+1)]1/2(ml - 1 m3+1)

, . . . Ji J2 J3
+LGr = m 4 D Gk m) (o = ma) G+ ma + D12 (m. T oma m3> =0, (A.15)
and from there Eq. (60). Shifting the m’s in Eq. (33) by —1, —1, and 2 and combining with Eq. (32) to
eliminate the 3-j symbol with bottom arguments (m;,mz — 1,m3 + 1) yields
) . , . J1 J2 J3
[(h—m+ D1 +m) — (o—m+1)(ja+m)] (ml 1 omy m +1)

FLGy —my+ 1D G+ m) s —ma) G+ my + D1 (;;1 o ,{33)

. . : . j J2 J
—[(Jz+mz)(n—mz+1)(13—m3—1)(13+m3+2)]‘/2(m1”_1 ma— 1 m3iz>=°’ .
(A.16)

and from there Eq. (61).
Finally, we note, as stated previously, that the 3-j symbol may change sign under permutation of the first and

third rows of the Regge matrix,

J1 J2 J3 _(_1)1 2 2 2 (A 17)
- jotitm oo jithdms 50 jidptms g ] ’
2 —J1 ) J2 2 J

n moy ms
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Applying this transformation to each 3-j symbol in Eq. (34), permuting columns 1 and 3, and performing some
tedious manipulations yields

[Ga = m2) Gt = o+ Js + 1) G — my +1)(—}'1+J'2+j3)]]/2(j' 12 =1/2 )

m —1/2 my+1/2 m
H-(Gr+h—p)z—m+ 1)+ (a+m)(i—ja+j3+1)

Ut =m) (=i + 2+ + 1] (,j,‘l o ,{33)

my + 1/2 my — 1/2 ms3
(A.18)

. . . . . . ) . i — 1 7 2
+[(h—12+13)(h—m2+1)(,:1—ml)(—jl+n+n+1)]‘/2(“ /2 h+1/2 ”):0,

which leads to the binomial sum recursion relation

—Ur—R+i+ DG —m+ Dics(r +1/2,ja—1/2, j3,mi — 1/2,mp + 1/2,m3)
H-(h+jh—-BYi-—m+D+(a+m)(i—hp+ji3+1)
+01 —m) (=i + j2 + js + D) Hes (s j2, jz. mi, my, m3)
—(2=m+D(—ji+ja+j3+Dics(h —1/2, 2+ 1/2, j3,my + 1/2,m — 1/2,m3) =0.  (A.19)

Substituting ji = ji + k/2, j2 = j5 — k/2,j3 = j3,mu = m{ — k/2,my = m} + k/2, and m; = m}, into this result
yields Eq. (64).

Appendix B. Size of symmetry reduced tables of 3-j and 6-j symbols

In order to derive Eq. (79), it is convenient to define ¢ according to ¢4 = ¢; + ¢} and c¢s5 according to
¢s = c3 + ¢5. The number of sets of 3-j symbols unrelated by Regge symmetry for which ¢; < ¢4 is the number
of nonnegative integer solutions of 3¢| +4c2+c3+2cj +cs = J, which is the coefficient of x’ in the generating
function [31,32]

P)=(14+22+28+ A +x* + 28+ )P+ 0+ U+ x+ 22+ (B.1)

Similarly, the number of 3-j symbols unrelated by Regge symmetry for which ¢, = ¢4 and ¢3 < ¢5 is the number
of nonnegative integer solutions of 3¢y +4cz + 2¢3 + ¢§ = J, which is the coefficient of x’/ in the generating
function

P(x)=(1++x5+-- )0+ + 82+ )0+ +x+ (U +x+x2+-). (B.2)
Using
1 2
—=14x+x"+4-- (B.3)
1—x

and some simple algebra, we obtain the total generating function

(T+x)(1+ )21+ x5) (1 +x2)3(1 4+ x* + x84

(1 _x12)5 (B'4)

P(x) =P (x) + Pr(x) =
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Finally, expanding the numerator with the help of the symbolic algebra package MAPLE [33] and using [31]

1 _i s+k—1Y .«
(T-x)° &\ s-1! ' (B.5)
we obtain
P() =00 ("j“)x”", (B.6)
k=0
where

Q(x) =1+ x+ 352 + 55> +9x* + 1325 + 2145 + 29x7 + 42x% + 56x° + 76x'" + 98x'" + 123x"
+155x13 4 187x™ + 223x'% + 260x'® + 302x'7 + 338x'® + 380x'% + 413x% + 449x*! + 473x%
+497x3 + 51252 + 518x% + 518x% + 512x7 + 497x% + 473x% + 449x + 413x°" + 380x°*
+338x% 4 30253 + 260x>5 + 283x° + 187x%7 + 155x1 + 23x% + 98x* + 76x*! + 56x*
+42x3 4295 + 215 + 13x% + 9x% 4+ 5x% 4 3% 4 X0+ X7 (B.7)

The coefficient of x" in the product of two polynomials g(x) =3, c,x" and h(x) =3, dpx"is 3, ., Cmdp.
Thus, in order to find the coefficient of x” in P(x), since the infinite sum in Eq. (B.6) has only powers of
x!2, it is convenient to write J = 12n + i. Eq. (79) and Table 2 immediately follow.

The size of a fully Regge symmetry reduced table of 6-j symbols is found in a similar manner. However, in
this case, the generating function is

1 1 1 1 1 1

—01 - ®1l-0P1-x21-81—2" (B.3)
which follows directly from Eq. (115). This can be rewritten as
_ QW)
P(x) =26 (B.9)
where

00x) = (1+x) (1 + 321+ (14 x3) 1+ )51+ 25+ 2 (1 + 27+ PH4 A+ 7+ 2%
(B.10)

Expanding Q(x) and using Egs. (B.3), (B.9), and (B.10) yields Eq. (116) and Table 3.
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